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Abstract. Let _E be a field of infinite absolute Brauer p-dimension 
abrdp(i5), for some prime number p, and let F/E be a finitely-generated 
extension of transcendency degree > 1. This paper shows that, for each 
pair (m, n) of positive integers with m < n, there exists a central di- 
vision _F-algebra Dm,n of exponent and Schur index p". It also 
proves the existence of fields Ek'- fc G N, satisfying the following condi- 
tions, for each index k: (i) Ek is of Brauer dimension Brd(_Efe) = k; (ii) 
abrdp(-Efe) = oo, for all prime p with, possibly, finitely many exceptions 
explicitly depending on char(i5fc). 



1. Introduction and statements of the main results 

Let E he a field, s{E) the class of finite-dimensional associative central 
simple ii^-algebras, d{E) the subclass of division algebras D G d{E), and 
for each A S s{E), let [A] be the equivalence class of A in the Brauer 
group Br(£'). It is known that Br(£') is an abelian torsion group (cf. |30j . 
Sect. 14.4); in particular, Br(£') decomposes into the direct sum of its p- 
components Br(£')p, where p runs across the set P of prime numbers. Recall 
that, by Wedderburn's structure theorem (see, e.g., [30], Sect. 3.5), each 
A £ s{E) is isomorphic to the full matrix ring M„(I?^) of order n over 
some Da G d{E); the order n is uniquely determined by A and so is the 
underlying division algebra D^, up-to an isomorphism. This implies the 
well-known fact that the dimension [A: E] is a square of a positive integer 
deg(^). The main numerical invariants of A are the degree deg(^), the 
Schur index ind(^) = deg(D^), and the exponent exp(^), i.e. the order 
of [A] as an element of Br(i?). The following statements describe basic 
divisibility relations between ind(74) and exp(^), and gives an idea of their 
behaviour under the scalar extension map Jir(E) — )• Br(i?), when R/E is a 
field extension of finite degree [R: E] (cf. [3D], Sects. 13.4, 14.4 and 15.2): 

(1.1) (i) exp{A) divides ind(A) and is divisible by every p £ ¥ dividing 
ind(A). For each B G s{E) with ind(-B) relatively prime to ind(A), md{A0E 
B) = ind(^).ind(-B); in particular, the tensor product A®e B lies in d{E), 
provided that A £ d{E) and B G d{E); 

(ii) ind(^), ind(^ 0e R), exp(A) and exp(>l 0e R) divide md{A 0e 
R)[R: E], ind(^), exp{A0E R)[R- E] and exp(^), respectively. 

The following results show that statements (1.1) (i) fully describe the 
generally valid restrictions between Schur indices and exponents: 
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(1.2) Given a pair (m,n) of positive integers, such that n \ m and n 
is divisible by any p £ ¥ dividing m, there is a field F and an algebra 
D G d{F) with ind(D) = m and exjp(D) = n (Brauer, see ^0], Sect. 19.6). 
One can take as F any rational (i.e. purely transcendental) extension of 
infinite transcendency degree over an arbitrary field Fq (see [30], Sect. 19.6, 
Proposition, with its proof, and the comment to Corollary 3.7). 

A field E is said to be of Brauer p-dimension Brdp(-E') = n, where n G Z, 
if n is the least integer for which ind(D) < exp(D)"' whenever D £ d{E) 
and [D] G Br(£J)p. We say that Brdp(-E) = oo, if there exists a sequence 
£ d{E), z/ G N, such that [D^] G Bi{E)p and ind(L'^) > expiDj)", for 
each index i/. By an absolute Brauer p-dimension (abbr, abrdp(£')) of E, 
we mean the supremum sup{Brdp(i?) : R G Fe{E)}. The field E is called 
virtually perfect, if char(£') = or char(£') = g > and S is a finite 
extension of its subfield E'^ = {e'^ : e G E}. In what follows, we denote by 
trd(-F/-E) the transcendency degree of any extension F/E. 

Clearly, Brdp(£') < abrdp(ii^), for every field E and p G P. It is known 
that Brdp(£') = abrdp(£') = 1, for every p G P, in the following cases: (i) E 
is a global or local field (see [31], (31.4) and (32.19)); (ii) E is the function 
field of an algebraic surface defined over an algebraically closed field Eq [19] , 
|22j (see also Remark 4.7). The suprema Brd(-E) = sup{Brdp(£') : p G P} 
and abrd(£') = sup{abrdp(ii^) : p G P} are called a Brauer dimension and an 
absolute Brauer dimension of E, respectively. It would be of definite interest 
to know whether function fields of algebraic varieties defined over a global, 
local or algebraically closed field are of finite absolute Brauer dimensions. 

Fields of finite absolute Brauer p-dimensions, for all p G P, make interest 
because of the following result concerning their locally finite-dimensional 
(abbr, LCF) central division algebras [5]: 

Proposition 1.1. Let E be a virtually perfect field with abrdp(-E) < oo, for 
every p G ¥, and let R be an associative central division LCF-algebra over 
E. Then R possesses an E-subalgebra R, such that: 

(i) R decomposes into a tensor product where (X" = (Si^;, i?p G 
d{E) and [Rp] G Br(£')p, for each p G P; 

(ii) Every finite- dimensional E-subalgebra of R is embeddable in R; 

(iii) R is isomorphic to R, if the dimension [R : E] is at most countable. 

Proposition 1.1 enables one to build up a satisfactory structure the- 
ory of central division LCF-algebras over a virtually perfect field E with 
abrdp(£') < oo, p G P. In particular, the knowledge of the isomorphism 
classes from d[E) makes it possible to describe, up-to an i?-isomorphism, 
central division LCF-algebras of countable dimension over E (when ii^ is a 
global or local field, this is demonstrated by |5], Theorem 4.2). This remark 
and the preceding observations raise interest in the following open problem: 

(1.3) Find whether the class of fields E of finite absolute Brauer p- 
dimensions, for a fixed p G P different from char(ii^), is closed under the 
formation of finitely-generated extensions. 
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The purpose of this paper is to shed hght on the behaviour of Brauer p- 
dimensions Brdp(-F) of finitely-generated field extensions F/E, and of index- 
exponent relations in d{F), by proving the following: 

Theorem 1.2. Let E be a field, p £¥ and F/E a finitely- generated exten- 
sion with tid{F/E) = K > 1. Then: 

(i) Brdp(i^) > abrdp(£^) + k — 1 in case abrdp(£') < oo and F/E is 
rational; 

(ii) Brdp(F) = oo, if abrdp(£') = oo; in this case, d{F) has a subset 
{Dm,n ■ n € N, m = 1, . . . , n}, such that exp(L'm,n) = ctnd md{Dm,n) = 
p^, for each admissible pair {m,n); 

(iii) Brdp{F) < oo, provided p = char(£') and E is not virtually perfect; 
if char(ii^) = p and [E : E^] = p^ < oo, then v + k — 1 < Brdp(F) < v + k. 

It is well-known (cf. [21j, Ch. X) that each finitely-generated extension 
i*" of a field E contains as a subfield a rational extension Fq of E, such that 
trd(Fo/-E) = trd(F/£'). This implies F/Fq is finite, and enables one to 
deduce the following assertion from (1.1) and Theorem 1.2: 

(1.4) If the answer to (1.3) is affirmative, for somep g¥, p ^ char(£'), and 
each finitely-generated extension F/E with trd(-F/£') = n > 1, then there 
exists Ck(p) G N, depending on E, such that Brdp($) < c^ip) whenever ^/E 
is a finitely-generated extension and trd($/-E) < k. 

The second main result of this paper can be stated as follows: 

Theorem 1.3. For each q G PU{0} and k £'N, there exists a field Eg^^ with 
char{E) = q, Brd{Eq) = k and abrdp{Eg i:) = oo, for all p & P \ Pq, where 
Pq = {2} and = {p G P: p\ q{q — 1)} in case g G P. Moreover, if q > 2, 
then Eq^]. can be chosen so that [Eq^k: E'/^j^ = oo and abrdq{Eq^}^) = 0. 

The proof of Theorem 1.3 shows that its concluding assertion remains 
valid when q = 2 and k = 1. In view of Theorem 1.2, this implies the 
existence of fields E with Brd(-E) = 1, whose finitely-generated nonalgebraic 
extensions have the property required by the former part of (1.2). As a 
matter of fact, it follows from Theorems 1.2 and 1.3 that if Eq^k is not 
virtually perfect, then Brdp(F) = oo, p G P\ P^, for every finitely- generated 
extension F/Eq^^ with iTd{F / Eq^jS) ^ where P'^ = Pq\ {q}. Moreover, it 
turns out that each pair (m,n) of integers satisfying the conditions of (1.2) 
and not divisible by any p G is equal to (exp(Am,n)i iiid(Am,n))5 for some 
^m,n £ d{Eq^k). Thus Theorems 1.2 and 1.3 solve in the negative Problem 
4.4 of [3], by proving in a strong form that the class of fields of finite Brauer 
dimensions is not closed under the formation of finitely-generated extensions. 

Theorem 1.2 (i) shows that the solution to [3], Problem 4.5 (concerning the 
possibility to define a good notion of a field dimension dim(£')) is negative 
except, possibly, in the case where abrd(P) < oo. In addition, it implies 
that if abrd(£') < oo and the noted problem is solved affirmatively, for 
every field from the class FG(P) of finitely-generated extensions of E, then 
each F G ¥G{E) satisfies the following much stronger inequalities than those 
conjectured by (1.4) when p runs across P (see also Remark 5.5): 
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(1.5) ahrd{E)+tTd{F/E)-l < abrd(F) < dim(F) < abrd(-E;)+trd(F/£;) 
+c{E), for some integer c{E) depending only on E. 

The proof of Theorem 1.2 is based on a characterization of fields of fi- 
nite absolute Brauer p-dimensions, which generalizes Albert's theorem (see 
Lemma 3.5 and [1], Ch. XI, Theorem 3). Our proof also relies on results 
of valuation theory including lifting theorems over Henselian (valued) fields, 
theorems of Grunwald-Hasse-Wang type, and Ostrowski's theorem. Theo- 
rem 1.3 is proved by applying a standard method of realizing profinite groups 
as Galois groups [39j, in combination with the Mel'nikov-Tavgen' theorem 
|25j , and a construction of Henselian fields with prescribed properties of their 
value groups and residue fields (see, e.g., [K], Ch. 4, Sects. 6 and 7). The 
formula for Brdp(-fC), where is a field with a Henselian valuation v whose 
residue field K satisfies the conditions Bi[{K)p = {0} and char(K) ^ p, also 
plays a crucial role in our considerations (see Lemmas 5.1 and 5.2). The 
flexibility of this approach enables one to prove the following: 

(1.6) (i) There exists a field Ei with abrd(i?i) = oo and Brd(Li) < oo, 
for every finite extension Li/Ei; 

(ii) For any integer n > 2, there exists a Galois extension Ln/En, such that 
[Ln '■ En] = n, Brdp(L„) = oo, for infinitely many p G P, and Brd(M„) < c«, 
provided that M„ G I{Ln,sep/E) and M„ does not include L„. 

Let us note that our basic notation and terminology are standard as those 
used in [6j and For convenience of the reader, we recall in Section 2 some 
basic concepts of valuation theory. As usual, [r] denotes the integral part of 
any real number r > 0. Throughout this paper, rp{E) stands for the rank of 
the Galois group Q{E{p) / E) of the maximal p-extension E{p) of E in i?sep, 
for each p G P (in particular, rp{E) = in case E{p) = E). The reader 
is referred to [21], [30] and [36], for any missing definitions concerning field 
extensions, simple algebras, Brauer groups and Galois cohomology. 

Here is an overview of the paper: Section 2 includes preliminaries used 
in the sequel. Theorem 1.2 is proved in Sections 3 and 4. In Section 5, we 
compute abrdp(K), for a Henselian field {K,v), such that char(i^) / p and 
the absolute Galois group Qf^ = Q{Ksep/ K) is of cohomological p-dimension 
cdp(^j^) < 1. This is used for proving (1.6) and Theorem 1.3, and for 
describing the pairs (Brdp(i^), abrdp(i^)), p G P, when {K,v) runs across 
Henselian fields with K finite of characteristic q. We also supplement the 
latter assertion of (1.2) and show that the answer to (1.3) will be affirmative, 
if this is the case in zero characteristic (see Corollary 5.8 and Remark 5.7). 

2. Preliminaries on valuation theory 

The results of this Section are known and will often be used without an 
explicit reference. We begin with a lemma essentially due to Saltman [33j . 

Lemma 2.1. Let K he a field with a nontrivial real-valued valuation v, 
and let he a Henselization of K in Ksep relative to v. Assume that 
Ay G d{K^) is an algebra of prime exponent p. Then there exists A G d{K), 
such that exp(A) = p and [A (8>x K^] = [A^,]. 
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Proof. Since, by [26j, Sect. 4, Theorem 2, A„ is Brauer equivalent to a 
tensor product of algebras from d{Ky ) of index p, it is sufficient to prove our 
assertion in the special case where ind(At,) = p. Then Saltman's theorem 
(cf. f33]) ensures the existence of A G d{K), such that A ®k Ky is K^- 
isomorphic to Ay, so Lemma 2.1 is proved. □ 

Our next lemma is a special case of the Grunwald-Wang theorem (cf. |24j . 
Theorems 1 and 2). 

Lemma 2.2. Let F be a field, S = {vi, . . . ,Vs} a finite set of non- equivalent 
nontrivial real-valued valuations of F, and for each index j, let F^. he a 
Henselization of K in iiTsep relative to vj, and Lj/Fy. a cyclic field extension 
of degree p^^ , for some p £ P and fij £ N. Suppose further that if p = 2 and 
char(F) = 0, then £ F. Then there exists a cyclic field extension L/F 
of degree p^ = ma.x{p^^ , ■ ■ ■ , P^" } , such that the Henselization Lyi is Fy^ - 
isomorphic to Lj, where Vj is a valuation of L extending vj, for j = 1, . . . ,s. 

A Krull valuation u of a field K is said to be Henselian, if v is uniquely, up- 
to an equivalence, extendable to a valuation vl on each algebraic extension 
L/K. When this holds, we denote by v{L) the value group and by L the 
residue field of (L, vl)- It is well-known that if w is Henselian, then L/K is an 
algebraic extension and v{K) is a subgroup of v{L). Moreover, Ostrowski's 
theorem states the following (cf. [14], Theorem 17.2.1): 

(2.1) If L/K is finite, then [L: K] is divisible by [L: K]e{L/K) and 
[L: K][L: K]^^e{L/ K)~^ is not divisible by any p G P different from char (X), 
where e(-L/i^) is the index of f(i^) int;(L); in particular, if char(i^)f [L: K], 
then [L: K] = [L: k]e{L/K). 

Statement (2.1) and the Henselity of v imply the following: 

(2.2) The quotient groups v{K)/pv{K) and v{L)/pv{L) are isomorphic, 
provided that p £ ¥ and L/K is a finite field extension. Moreover, if 
char(X) t [L: K], then the natural embedding of K into L induces canoni- 
cally an isomorphism v{K)/pv{K) = v{L)/pv{L). 

As usual, a finite extension R oi K is said to be defectless, if [i?: X] = 
[R: K]e{R/K), and it is called inertial, if [R: K] = [R: K] and R is separa- 
ble over K. We say that R/K is totally ramified, if [R: K] = e{R/K). 
The extension R/K is called tamely ramified, if R/K is separable and 
char(i^) t e{R/K). It follows from the Henselity of v that the compositum 
of inertial extensions of K in -R'sep has the following properties: 

(2.3) (i) Finite extensions of K in are inertial, and for each finite 
extension L oi K va. Ksep, there is an inertial extension L/K with L = L 
over K; 

(ii) K-a^/K is a Galois extension, K^^ is a separable closure of K, Q^K^^/K) 
^ and v{K^,) = v{K). 

Recall that the compositum K^^ of tamely ramified extensions of K in -fCgep 
is a Galois extension of K with v{Kt^) = pv{Ktr), for every p £ ¥ different 
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from char(i^). It is therefore clear from (2.1) that if Ktr 7^ -^sep) then 
char(K) = g / and Gxtr is a pro-g-group. When this holds, the Mel'nikov- 
Tavgen' theorem [25], combined with (2.1), (2.2) and Galois theory, implies 
the existence of a field K' £ I{Ksep/K) satisfying the following conditions: 

(2.4) K'nKtr = K, K'Ktr = Ksep and Ksep is K-isomorphic to Ktr®KK'\ 
also, K' is a perfect closure of K, finite extensions of K in K' are of g-primary 
degrees, K^ep = K[^, v{K') = qv{K'), and the natural embedding of K into 
K' induces isomorphisms v{K)/pv{K) = v{K')/pv{K'), p £F \ {q}. 

Assuming as above that (K, v) is a Henselian field, recall that each A S 
d{K) is endowed with a unique, up-to an equivalence, valuation va ex- 
tending V so that the value group v{A) of (A, va.) is abelian (cf. [38] 
and [IS]). It is well-known that v{K) is a subgroup of v{A) of index 
e{A/K) < [A: K], the residue division ring A of (A,wa) is a ii'-algebra, 
and [A : /C] < [A : /C] . More precisely, by the Ostrowski-Draxl theorem [11] , 
[A: F] is divisible by e(A/F)[A: F], and in case char(i(') \ [A: K], we have 
[A: K] = e{A/K)[A: K]. A division algebra D £ d{K) is said to be iner- 
tial, if [D: K] = \D: K] and D G d{K). In what follows, we use at crucial 
points the following result (see [18], Theorem 2.8): 

(2.5) (i) For each D S d{K), there exists a unique, up-to an F-isomorphism, 
algebra D S d{K), which is inertial over K with D = D. 

(ii) The set IBr(i^) of Brauer equivalence classes of inertial /C-algebras 
forms a subgroup of Br(i^); the canonical mapping of IBr(i^) into Br(i^') is 
a group isomorphism. 

The following lemma plays a crucial role in the proof of Theorem 1.3. 

Lemma 2.3. Let Kq be a perfect field of characteristic q > 0, and let 
n{p): p G P, he a sequence of elements o/NU {0, 00}. Then there exists a 
Henselian field {K,v) with chai(K) = q and a residue field K = Kq, and 
such that the group v{K)/pv{K) has dimension n{p) as a vector space over 
the field Fp with p elements, for each p G P, where v = ojk- Moreover, if 
q > 0, then K can he chosen so that [K: K^] = n{q) and finite extensions 
of K he defectless relative to v . 

Proof. Let K^o be an extension of Kq obtained as the union K^o = U„gN-^n 
of iterated formal Laurent power series fields, defined inductively by the 
rule Kn = -fC„_i((X„)), n G N. Denote by ojn the standard valuation of Kn 
acting trivially on Kq, and such that uJn{Kn) = Z", for each n G N. Here Z*^, 
n G N, are viewed as ordered groups with respect to the inverse lexicographic 
ordering. Let uj be the natural valuation of K^o extending a;„, for every index 
n. Clearly, Kq is the residue field of [Koo-,^) and w(Koo) equals the union 
1P° = Ufigi^Z", considered with its unique ordering extending the noted 
orderings on Z", for all n G N. It is well-known that the valuations 
n G N, are Henselian, which implies that uj is of the same kind. Fix an 
algebraic closure K^o of Kqo as well as a divisible hull V{Koo) of w(i^oo), 
and for each R G /(i^oo/^oo), let ujr be the unique valuation of R extending 
UJ so that uj{R) : = ujji{R) be an ordered subgroup of V{Koo)- Clearly, is 
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Henselian whenever R G I{K^/ Kao)- Note also that finite extensions of K^, 
are defectless relative to a;„, for each n G N. In addition, it is not difficult 
to see that each extension K'^ of K^o possesses a subfield K'^ including 
so that K'^ = K'f^Kao and [K'^ : Kf^ = [K'^ : Koo], for some index n. These 
observations show that the valued field {Koo-,oj) has the properties required 
by the lemma in the case of n(p) =00, for every p G P. 

Henceforth, we assume that the set P = {p G P: n{p) < 00} is nonempty. 
For any p G P and each index n > n{p), let T,p^n = {Yp,n,m- m G N} be 
a subset of Koo, such that Yp^n,! = and lp^n,m = ^,n,(m-i)) for every 
integer m > 2. Put S = UpgpSp, where Sp = 'J^=n{p)+i'^p<'^^ fo^ each index 

and denote by K the extension of K^o generated by S. It is easily verified 
that finite extensions of Koo in K are totally ramified, and for each p € P, 
n{p) equals the dimension oi uj{K) /pijj{K) as a vector space over Fp. In view 
of (2.1), this means that {K,uj^) has the property required by Lemma 2.3 in 
case g = 0. Similarly, it is clear that the same holds, if g > and n{q) = 00. 
Suppose now that g > and n[q) = (i.e. io{K) = q{K)). By (2.4) (ii), 
there exists G G I{Koo/ K), such that G n Ktr = K and Gi^tr equals the 
separable closure of K in Koo- In addition, (2.4) (ii) and the assumption 
that Kq is perfect indicate that Gsep = Gtr, G = Kq, uj{Q) = gw(G), and 
for each p G P, uj{Q)/puj{Q) has dimension n{p) as an Fp- vector space. This 
completes the proof of Lemma 2.3 in case n{q) = 0. 

It remains for us to consider the case where < n{q) < 00. Let n{q) = n, 
Qn be an iterated formal Laurent power series field in n indeterminates over 
G, K the standard Z'^-valued valuation of G„ acting trivially upon G, and w 
the valuation of G„ extending we so that u}{@) be an isolated subgroup of 
w{Qn), w{&n) the direct sum a;(G) © «;(Gn), and k be induced canonically 
by w and u}{Q). Then w is Henselian (e.g., by [S], Proposition 2.1), and it is 
easy to see that n equals the dimension of fi;(G„)/pK(G„,) over Fp, for each 
p G P. Let finally K he a maximal extension of $]„ in T,n,tr with respect to 
the property that its finite subextensions are totally ramified 
k{K) = pk{K), p G P\{g}, and gfp^ : E„], for any G Fe(S„)n/(i^/S„), 
so it follows from (2.2) and [7], (1.2), that the natural embedding of S„ into 
K induces an isomorphism K(G„)/gK(G,i) = K{K)/qn(K). In view of the 
obtained properties of {Q,ujq), these observations show that {K,v) has the 
properties required by Lemma 2.3, for v = wk, so our proof is complete. □ 

For a proof of the following lemma, we refer the reader to [2], Lemma 2.2. 

Lemma 2.4. Assume that Cp: p £ ¥, is a sequence of positive integers, 
such that Cp divides p — 1, for each p, and P is a subset of P including 
the set H of those vr G P, for which there exists p.,^ £ ¥ with Cp^ divisible 
by IT. Then there exists a field Eq of zero characteristic, such that Qeq 
continuously isomorphic to the topological group product "Lp = Yl^^pZp, 
and [£'o(ep) : Eq] = Cp, where Sp is a primitive p-th root of unity in -Eo.sep- 

Lemma 2.5. Assume that Eq is a field, such that Qeo is of cohomological 
dimension cd(^£;g) < 1. Suppose further that G is a profinite group with 
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cd(G) < 1 and cdp(G) = whenever p £ P and cdp{QEo) 7^ 0. Then there 
exists a field extension E/Eq, such that Eq is algebraically closed in E and 
Qe is isomorphic to the topological group product Geq x G. 

Proof. It is known (cf. [39]) that there exist extensions R and R' of £"0, such 
that R/Eq is rational, R G I{R'/Eq) and R'/R is a Galois extension with 
Q{R' /R) = G. Identifying i?o,sep with its £'o-isomorphic copy in Rg^p, and 
observing that Eq is algebraically closed in R', one obtains that Eo^sepR' / R 
is Galois with G{Eo^sepR' / R) — Qeq x G. In view of the assumptions on 
Qeq and G, this ensures that cd(^(i?o,sep-RV-^)) = 1) which means that 
Q{EQ^sepR' / R) is a projective profinite group, in the sense of [17|. Hence, by 
Galois theory, there is a field E E I{R'g^p/ R), such that Eq^sb^R'E = i?ggp 
and (Eo^sepR') (1 E = R. This indicates that £"0 is algebraically closed in E 
and Qe — G{Eo,scpR' / R) — Qeq x G, as required by Lemma 2.5. □ 



3. Proof of Theorem 1.2 (i) and (hi) 

The main steps towards the proof of Theorem 1.2 (iii) are presented by 
the following three lemmas. 

Lemma 3.1. Assume that K is a field of characteristic q> and F/K is 
a finitely- generated field extension with trd(F//C) > 1. Then abrdq(F) = 00 
if and only if [K : K'^] = 00 . When this holds, there exists a sequence Aj^ E 
d{F), 1/ G N, such that ind(Aj^) = p and d{F) contains the F -algebra D^, = 
(8>J^^;^Ak, where ® = ®f, for each index v; in particular, Brdg(F) = 00. 

Proof. Suppose first that [K: K'^] = g*, for some integer t > 0. Then 
[$: $9] = qt+^^ for each finite extension ^/F (see |21j, Ch. VII, Sect. 
7), and by [I], Ch. VII, Theorem 28, every D £ with exp(Z)) = 

q is split over $ by a purely inseparable extension <I>i/<I> of degree g*"*"^. 
Hence, by (1.1) (ii), abrdq(F) < t + 1. Assume now that [K : K'^] = 00. 
Then [R: R'^] = 00, for every finite extension R/K, which enables one to 
prove that Brdq(-F) = 00, by applying the following lemma to any discrete 
valuation of F acting trivially on K. □ 

Lemma 3.2. Let {K,v) be a Krull valued field with chai{K) = g > and 
[K: K'i] = 00. Then there exists a sequence A = Aj G d{K), i G N, such 
that ind(Aj) = q, for each index i, and the algebras Dn = CSf^iAj, n G N, 
lie in d{K) (where ® = ®k)- Moreover, A can be chosen so that, for each 
n gN, V be extendable to a valuation Vn of Dn, such that Vn{Dn) = v[K) and 
the residue algebra Dn/K is a degree q'^^ purely inseparable field extension. 
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Proof. Consider the polynomials h(X) = X'^ — X — air and i{X) = X*^ — 
Tri-'^X — a, where a and n are elements of K*, such that ^(vr) > v{a) = 
and the residue class a is out of K'^. It is not difficult to see that h 
and j are irreducible over K and share a common root field M = Ma^n C 
Ksep- Moreover, it follows from the Artin-Schreier theorem (cf. [21], Ch. 
VIII, Sect. 6) that M/K is a degree q cyclic extension. These observations 
indicate that M has a unique valuation vm extending and the residue 
field M of (M, f jv/) is a degree q purely inseparable extension of K obtained 
by adjunction of a g-th root of o. In other words, for each degree q purely 
inseparable field extension LjK^ there exists a degree q extension L of X in 
K{q), which has a valuation vl extending v with vl{L) = v{K) and L = L 
over K. Observe now that the equality [K : K'^] = oo ensures the existence of 
elements a„, 5^ G iiT, n G N, such that [K'^{dj,bj : j = 1, . . . ,n): K'^] = g^", 
for each index n. This implies that the quotient rings L„ = K[X]/ [X'^ — an), 
n G N, of the polynomial ring -fir[X] are purely inseparable extensions of K 
of degree q. Identifying Ln with their i^T-isomorphic copies in an algebraic 
closure K of K, one also concludes that [(Li . . . L„) : K\ = q^ and bm ^ 
(Li . . . LnY, for any pair of indices m, n (cf. [21], Ch. VII, Sect. 7). Let now 

Mn be the extension of in K obtained by adjunction of a g-th root of bn, 
and let {Ln,Wn) be a valued extension of {K,v), such that Wn{Ln) = v{K), 
Ln = Ln, [Ln - K] = q and L„ C K{q), for each n G N. Consider now the 
cyclic i^-algebras A„ = {Ln/K,ipn,bn), n G N, where is a generator of 
g{Ln/K) and bn is a pre-image of bn in the valuation ring {K) of [K, v) , 
for n G N. Proceeding by induction on n, one obtains that these algebras 
have the properties required by Lemma 3.2. More precisely, one proves that 
the iC-algebra Dn lies in d{K) and has a valuation Vn extending v with 
Vn{L>n) = v{K) and Dn — Mi . . . Mn over K, for each index n. □ 

Lemma 3.3. Let (K, v) be a valued field with char(iir) = q > and v{K) ^ 
qv{K), and let T{q) be the dimension of v{K)/qv(K) overWq. Then: 

(i) For each vr G K* with vlir) ^ qv{K), there is a sequence Lm- m G N, 
of degree q cyclic extensions of K in K^cp, such that the compositum = 
Li . . . Lm is totally ramified over K, [Mm - K] = g™, and v{'k) G q"^v{Mm), 
for each index m; 

(ii) There exists Tn G d{K) with exp(r„) = q and ind(T„) = q^~^ , n being 
an integer > 2, except, possibly, in the case where K is virtually perfect and 
n > T{q)+logq[K: Ri]. 

Proof. One may assume without loss of generality that vr is chosen so that 
v(7r) < 0. Fix a Henselization {Ky,v) of {K,v), and for each m G N, put 
= X'^ — X — TTm, where Tr^ = vr^"'"''™', and denote by Lm the root 
field of the polynomial fm{X) in K^ep- Identifying with its ET- isomorphic 
copy in Ksep-, and applying [9j, Lemma 5.2, one obtains that LmK^/Ky is 
a cyclic extension of degree q, MmKy/K^ is abelian and totally ramified, 
v{'k) G qv{MniKy), and [MmK^: Ky] = g™, for every index m. In view of 
the Artin-Schreier theorem, this implies that fmiX) is irreducible over K, 
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Lm/K is cyclic, [Lm : K] = q, M^/K is abelian and [Mm : K] = g™, for each 
m G N. Moreover, our argument proves that every degree q extension of K 
in the compositum L of the fields L^, m G N, is cyclic and totally ramified 
over K. In order to complete the proof of Lemma 3.3 (i), it remains to be 
seen that Mm/K are totally ramified relative to v, for all m E N. Suppose 
first that v is discrete and K is perfect. Since MmK^j/Ky, m G N, then our 
assertion follows from basic properties of v on finite extensions of K in i^sep- 
The proof in general relies on the fact that if F is the prime subfield of K, 
and # = F(7r), then the valuation (/? of <1> induced by v is discrete (cf. [1], 
Ch. II, Lemma 3.1). Note also that Lm = and Mm = ^'mK, for each 

m E N, where "^m is the root field of fm{X) over <I>, and = . . . 
Observing now that v{tt) ^ qv{K) and the extensions ^'m/K, m E N, are 
totally ramified, one completes the proof of Lemma 3.3 (i). 

Our objective now is to prove Lemma 3.3 (ii). Put tti = vr and suppose 
that there exist elements ttj E K* , j = 2, . . . ,n, and an integer fi < n, such 
that the cosets f (vTj) + qv{K), i = 1, . . . ,fj., are linearly independent over 
¥q, and in case fi < n, f (vr^+i) = • • • = v{iTn) = 0, and the residue classes 
TTu, u = fi + 1, . . . ,n, generate an extension of K'^ of degree Fix a 

generator Am of Q{Lm/K), for each m E N, and denote by T„ the JC-algebra 
<8)J=2(-^i-i/-^' where (8> = ®k- It is easy to see that there is a K^- 

isomorphism T„ ®k Kv — ^'j=2{Lj-iKy/ Ky, X'j_^,TTj), where = and 
Aj_^ is the unique iT^-automorphism of Lj^iK^ extending for each j. 

Since, by [9], Lemma 5.2, r„ Ky E d{Ky), this shows that T„ E d{K), 
exp(r„) = g and ind(T„) = f?""^, which proves Lemma 3.3 (ii). □ 

It is now easy to prove Theorem 1.2 (iii). Lemma 3.1 shows that Brdp(-F) = 
oo, if char(S) = p > and [E: E^] = oo, so we assume further that 
char(S) = p and [E: E'^] = p^ < oo. The assumptions of Theorem 1.2 
ensure the existence of a field Fq E I{F/E) rational over E and with 
trd(i<o/-E) = K. This implies that F/Fq is a finite extension and [F : F'^] = 
[Fq: Fq] = [E: E'i]q'^ = q'^'^'^. Hence, by the theory of p-algebras (see 
[1], Ch. VII, Theorem 28), Brdp(F) < abrdp(F) < as claimed. It 

remains to be seen that p'^+^~^ < Brdp(F). It is known that the inversely- 
lexicographic ordering on the group Fq gives rise to a Z*^- valued valuation vq 
of Fq (acting trivially on E) with a residue field E and of height k. Note also 
that Vq has a prolongation v on F, whence v[F) = Z*^ and the residue field 
F is a finite extension of E. Therefore, by Lemma 3.3, there exists A E d{F) 
with exp(A) = p and ind(A) = p'^+'^-i. This means that Brdp(-F) > p^+^-^^ 
so Theorem 1.2 (iii) is proved. 

Remark 3.4. Let {K, v) be a maximally complete virtually perfect field with 
K perfect, char(i^) = g > and [K: K'^] = g" > 1. Then it follows from 
Lemma 3.3 and [IJ, Ch. VII, Theorem 28, that n — 1 < Brdg(i^) < n. 
Hence, by [2], Theorem 3.3, Brdq(-R') = n — 1 if and only if rq{K) < n. 

To prove Theorem 1.2 (i) and the former assertion of Theorem 1.2 (ii) we 
need the following lemma which generalizes yj, Ch. XI, Theorem 3. 
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Lemma 3.5. A field E satisfies the condition abrdp(£') < /i, for some p G P 
and /i G N, i/ and only if ind(A) < whenever A lies in the union of the 
classes d{E') : E' G Fe(£'), and exp(A) = p. 

Proof. The left-to-right implication is obvious, so we prove only the converse 
one. Fix an arbitrary field E' £ Fe{E) and consider an algebra A' G d{E') 
of exponent p", for some n G N. We prove Lemma 3.5 by showing that 
ind(A') I p"'^. The assertion is obvious, if n = 1, so we assume further that 
n > 2. Take A G d{E') so that [A] = p"-^[A'], and let y be a maximal 
subfield of A. The choice of A ensures that exp(A) = p, and it is well- 
known (see |3D], Sect. 13.5) that [Y : E'] = ind(A), /\' ®e' Y G s{Y) and 
exp(A' (^E' Y) = p""-*^. Thus the conditions of the lemma require that 
\Y : E'] I p'^. Note also that Y can be chosen so as to be separable over E' 
(cf. [3D], Sect. 13.5). Proceeding by induction on n, one obtains from these 
observations that it suffices to prove the divisibility ind(A') | p"'^, under 
the extra hypothesis that ind(A' ^e'Y) I p("~^)''. Fix Ay G d{Y) so that 
[Ay] = [A' ®E' Y], and denote by Y' some maximal subfield of Ay. Then 
[Y': E'] = ind(A' ®e' y)\Y: E% which implies that [Y' : E'] \ p"/^. Note 
also that [A'] G Bi{Y'/E') (cf. [30], Sects. 9.4 and 13.1). The obtained 
results indicate that ind(A') | \Y' : E'] \ p"'^, so Lemma 3.5 is proved. □ 

The following lemma is implied by (2.5) and Lemma 2.1. 

Lemma 3.6. Let K he a field, F = K{X) a rational extension of K gen- 
erated by X, f{X) G ^i^i^] a separable and irreducible polynomial over K, 
L an extension of K in i^scp obtained by adjunction of a root of f , v a 
discrete valuation of F acting trivially on K with a uniform element f , and 
{Fy,v) a Henselization of {F,v). Suppose that D G d{L) is an algebra of ex- 
ponent p. Then L is K -isomorphic to the residue field of {Fy,v), and there 
are algebras D' G d{Fy) and D G d{F), such that exp(Z)) = exp(L'') = p, 
[D <SiF Ey] = [D'], and D' is an inertial lift of D over F^. 

Our objective now is to prove Theorem 1.2 (i), so we assume that abrdp(£') 
= A G N. By Lemma 3.5, then there exists M G Fe(-E), such that d{M) 
contains an algebra D with exp(A) = p and ind(A) = p'^. We show that 
one can find A G d{F) so that exp(D) = p and ind(A) > p-^+«-i. Suppose 
first that K = 1 and F = E{X), fix a primitive element a of M/E, and 
denote by f{X) the minimal monic polynomial of a in E[X] over E, where 
F = E{X). Let u be a discrete valuation of F acting trivially on E with 
a uniform element f{X), and let {Fy,v) be a Henselization of {F,v). By 
Lemma 3.6, then there exists Ai G d{F), such that [Ai 0f F^] = [A], 
in Br(F^), where A is an inertial lift of A over F^. Since A G d{Fy), 
exp(A) = p and ind(A) = p^, this indicates that p'^ | ind(Ai) and so proves 
Theorem 1.2 (i) in case k = 1. In addition, Lemma 2.2 implies that if 
ind(Ai) = p'^, then there exist infinitely many degree p cyclic extensions of 
F in Fy. This enables one to prove the existence of A, for an arbitrary k, 
by the method of proving the main result of [30], Sect. 19.6. It remains for 
us to consider the case where k > 2, F = E{Xi, . . . ,X^) and there exists 
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Di G d{E{Xi)) with exp(Di) = p and ind(-Di) = p^' > p^. It is easily 
verified that Di ®e{x^) E{Xi){{X2)) G d{E{Xi){{X2))), and it foUows from 
Lemma 2.2 that there exist infinitely many degree p cyclic extensions of 
E{Xi,X2) in E{Xi){{X2)). As in the case of k = 1, this enables one to 
prove the existence of an algebra A' G d{F), such that exp(A') = p and 
ind(A') = p'^ +K-2 > pX+K-i^ Thus Theorem 1.2 (i) is proved. 

Let E he a field with abrdp(ii^) = oo, for every p G ¥, and let F/E be 
a finitely-generated extension with trd(F/-E) > 0. Then it follows from 
(1.1) (i) and Theorem 1.2 (ii) that, for each pair (m,n) of integers satisfying 
the conditions of (1-2), there exists Drn,n G d{F) with md{D 

m,n) — and 

exp{Dm,n) = n. Therefore, our next result allows to view Theorem 1.2 (ii) 
as a generalization of the latter assertion of (1.2). 

Corollary 3.7. Let E be afield and F/E a rational extension with tid{F / E) 
= oo. Then Brdp(-F) = oo, for every p G P. 

Proof. This follows at once from Theorem 1.2 and the observation that F = 
F' over E, whence Brdp(-F) = Brdp(F'), for each p G P, whenever F' /F is 
a rational field extension with trd(-F'/-F) = 2. □ 

It is known (see [12j , |32) and |28j ) that if Fi /i^o is a rational field exten- 
sion with trd(-Fi/i*o) = 1, then every finite abelian group is realizable as a 
Galois group over Fi. In view of the results of [30], Sect. 19.6, this enables 
one to give a direct proof of the latter assertion of (1.2). 

Proposition 3.8. Let F/E be a finitely-generated field extension with 
trd(F/-E) = t > 1, and suppose that abrdp(-E) < oo when p runs across 
some nonempty subset P C P. Then there exists a finite subset P{F/E) of 
P, such that Brdp(F) > abrdp(£^) >t-l, for each pG P\ P{F/E). 

Proof. Clearly, one can take as P{F/E) the set of prime divisors of 
[F : Fq], for some rational extension Fq of S in F with trd(i^o/-E') = t- 

At the end of this Section, we give an example of a field extension F/E 
satisfying the conditions of Proposition 3.8, for P = P, such that the set 
P{F/E) is necessarily nonempty. 

Example 3.9. Let ii^ be a real closed field and F the function field 
of the Brauer-Severi variety corresponding to the symbol -E-algebra A = 
A_i{-1,-1;E), and put F' = F EiV-^)- By the Artin-Schreier theory 
(cf. [21], Ch. XI, Theorem 2), then E{./^) = E^ep, whence abrdp(^) = 0, 
for all p G P \ {2}, and since -1 ^ N{E{^/^/E), it also follows that 
A G d{E). Note further that trd(F/£') = 1, [A (g)^ F] = in Br(F), and 
F' / E{y/ —1) is a rational extension (see [33], Theorem 13.8 and Corollar- 
ies 13.9 and 13.16). In view of Tsen's theorem (cf. [30], Sect. 19.4), the 
noted property of F' ensures that it is a Ci -field, so it follows from [36], Ch. 
II, Proposition 6, that cd(aF') < 1- Xs A®eF = Ai{-1, -1; F) over F, the 
equality [jd®^;^] =0 implies that F is a nonreal field, so it follows from the 
Artin-Schreier theory that Qf is a torsion-free group. Observing finally that 
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Qpi embeds in ^i;' as an open subgroup, one obtains from Galois cohomology 
that cd(^F) < 1, which means that abrd(F) = < abrd2(£;) = 1. 

4. Proof of Theorem 1.2 (ii) 

The former assertion of Theorem 1.2 (ii) is imphed by the fohowing 
lemma. 

Lemma 4.1. Let K be a field with abrdp(i^) = oo, for some p € P, and 
let F/K be a finitely-generated extension with tid{F/K) > 1. Then d{F) 
contains algebras Dy, i/ S N, such that exp{Di^) = p and md{Dy) > p'^ . 

Proof. Note that one may consider only the special case of -F = K{X), 
where X is a transcendental element over K. Indeed, it is well-known (cf. 
|21j . Ch. X) that there exists a rational extension Fq of K in F, such 
that trd{Fo/K) = tid{F/K) and [F : Fq] E N. In view of (1.1) (ii), the 
class of fields # with abrdp($) = oo is closed under the formation of finite 
extensions, so suffices to prove the assertions of Lemma 4.1, under the extra 
hypothesis that F = Fq. Arguing by induction on trd{F/K), and observing 
that ind(To F) = ind(To) and exp(To i^k F) = exp(To), for each Tq G 
d{K), one obtains the desired reduction. In the rest of the proof, we assume 
that F = K{X) and X is transcendental over K. Then it follows from 
Lemma 3.5 and the equality abrdp(i^r) = oo that there is a sequence Mj, G 
Fe{K), G N, such that d{My) contains an algebra D^, with exp{Dj^) = p 
and md{D,^) > p'^ , for each index i^. Hence, by Lemma 3.6, for each i/ G N, 
there exist D^, G d{F) and a discrete valuation v,y of F acting trivially on K, 
such that the residue field of {F,Vi,) is /C-isomorphic to M^,, exp(Z),y) = p, 
and [Di, <Sif F^] = [-D^], where is an inertial lift of Di, over F^. In 
particular, this implies md{Di,) \ md{Dy), G N, and so proves Lemma 
4.1. □ 

To prove the latter part of Theorem 1.2 (ii) we need the following lemma. 

Lemma 4.2. Let A, B and C be algebras over a field F , such that A,B,C G 
s{F), A = B 0F C, exp(C) = p G P, and exp{B) = md{B) = p^ , for some 
m G N. Assume that ind(j4) = > and k is an integer with m < k < n. 
Then there exists T^ G s{F) with exp(TK) = and ind(TK) = p'^ . 

Proof. When k = n, there is nothing to prove, so we assume that k < n. 
By Sect. 4, Theorem 2, C is Brauer equivalent to Ai (dp ■ ■ ■ 0p A^, 
where G N and for each index j, Aj G d{F) and ind(Aj) = p. Put 
Tj = B (g)F {Ai ■■■ Aj) and tj = deg(T,)/ind(T,), j = 
and denote by S{A) the set of those j, for which ind(Tj) > p'^. Clearly, 
S{A) 7^ (j) and the set So{A) = {i £ S{A): ti < tj,j G S{A)} contains a 
minimal index 7. We show that ind(T^) = p'^. The conditions of Lemma 
4.2 ensure that exp(Tj) = p"^, which implies ind(Tj) is ap-primary number, 
for each j G S{A). If 7 = 1, (1.1) (ii) and the inequality m < k imply that 
K = m + 1 and ind(Ti) = p'^. Suppose now that 7 > 2. Then it follows 

13 



that ind(T^) = ind(r^_i).p^, for some fi £ {—1,0,1}. The possibiHty that 
/X 7^ 1 is ruled out, since it contradicts the fact that 7 G So{A). This yields 
ind(T^) = ind(r^_i).p and = As 7 is a minimal index in So(A) and 

ind(T^_i) is a power of p, it is now easy to see that ind(T^_i) = p'^~^ and 
ind(T^) = p'^, which completes the proof of Lemma 4.2. □ 

The fulfillment of the conditions of Lemma 4.2 is guaranteed, for each 
pair of integers m, n with 1 < m < n, if char(i?) = p, E is not virtu- 
ally perfect and F/E satisfies the conditions of Theorem 1.2. This can be 
deduced from Lemma 3.1, general properties of cyclic F-algebras, see [30] , 
Sect. 15.1, Corollary b and Proposition b, and Witt's lemma (cf. [TO], Sect. 
15) concerning the embeddability of any cyclic p-extension of F as an inter- 
mediate field of a Zp-extension of F. This observation completes the proof 
of Theorem 1.2 in case p = cha.i{E). In order to prove the latter assertion 
of Theorem 1.2 (ii), for p ^ char(£'), we need the following lemma. 

Lemma 4.3. Let K be a field and F a finitely- generated extension of K 
with lT(i{F/K) = 1. Then, for each p G P, there exists a set Vm, rn, G N, of 
nonequivalent discrete valuations of F satisfying the following: 

(i) Vm acts trivially on K, for each m G N; 

(ii) There is a sequence {Fm, Wm) / {F, Vm) , m £ N, of valued field ex- 
tensions, such that Fm G I{Fsep/F), Fm/F is cyclic, [Fm - F] = and 
{Fm,Wm) is totally ramified over {F,Vm), for each index m; in addition, 
Fm'nFm" =F,m' ^ m". 

Proof. Let X be an element of F transcendental over K. Then F/K{X) is a 
finite field extension, which is unramified relative to every discrete valuation 
of K{X) trivial on K, with at most finitely many exceptions (up-to an 
equivalence, see [1], Ch. I, Sect. 5). Since the set of separable extensions of 
K(X) in F is finite, this observation allows us to prove Lemma 4.3 only in the 
special case where F = K{X). Suppose first that p 7^ char(i^) and, for each 
m G N, let £m £ Ksep be a primitive p^-th root of unity, fm{X) G K[X] 
the minimal polynomial of £m over K, Km = K{em), and Vm a discrete 
valuation of F trivial on K and with a uniform element fm{X). It is well- 
known (cf. [21], Ch. VIII, Sect. 3) that Km/K is an abelian extension, 
and it follows from the definition of Vm that the residue field Fm of {F, Vm) 
is K-isomorphic to Km, for each index m. Fix a system s^^,l^^: ipm £ 
Q{Km/K), so that (pmi^m) = ^m™ and s^^l^^ is congruent to 1 modulo 
p™, for each ifm £ G{Km/ K). It is easily verified that Km{X) = F{£m) is a 
Galois extension of F with Q{Km/K) = Q{F{em)/ F)- More precisely, each 
(pm £ Q{Km/K) is uniquely extendable to an element (pm S Q{F{^m) / F), 
and the mapping of Q[Km/K) into G{F{em)/ F), by the rule (pm^m, is 
an isomorphism. Put gm{X) = n^,„ee(/<„/x)(^ " em")'^™ and = 
Km{X, Pm), where pm is a p^-th root in Kjcp of gm{X). We show that 
contains as a subfield an extension Fm of F with the properties required 
by Lemma 4.3, and such that equals the compositum KmFm, for each 
m G N. To begin with, one obtains by straightforward calculations from 
the definition of gm {X) that i,{gm{X)).gm[X)-'^n. g F(e„)*P , for each 
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V'm £ QiKm/K), which imphes F^/F is a Galois extension. Observing that 
the polynomial — gm{X) G ITmi^KT'] is Eisensteinian with respect to 
the element X — Sm & Km[X], one also concludes that [F^,: F{em)] = 
and F!^/F{em) is totally ramified relative to the discrete valuation Wm acting 
trivially upon Km and with a uniform element X — £m- This, combined with 
the fact that {F{em),(^m)/iF,Vm) is a splitting valued extension, implies 
that (F^,u'm) I {F, Vm) is a valued extension of ramification index p"^, where 
Lo'm is the unique, up-to an equivalence, valuation of F^ extending Um- 
Returning to the action of Q{F{em) / F) on QmiX), one also proves that 
Q{F!^/F) is abelian and Q(F^/ F{em)) is cyclic of order p"^. Moreover, it 
turns out that p"^~^^ does not divide the exponent of Q{F'^/F). The obtained 
results indicate that Q{F!^JF) has a direct summand, say Hm in Q{F'^/F). 
Hence, by Galois theory, F{em)Fm = F^ and F{em) H Fm = F, where Fm 
is the fixed field of Hm- In particular, this implies [Fl^: F(em)] = [Fm - F]. 
Since Q{Fm/F) is abelian, one also sees that Hm is normal in Q{Fm/F) 
and Fm/F is Galois with g{Fm/F) ^ g{F^/F{em))- Thus it follows that 
Fm/F is cyclic and [Fm'- F] = p^. Let now v'm be the valuation of Fm 
induced by to'm- As the valued extension {F{em),tdm)/{F,Vm) splits, the 
noted properties of Fm ensure the same for {Fm,uj') / {Fm,v'm)- In view of the 
multiplicativity of ramification indices in towers of finite valued extensions 
(cf. [13], Proposition 14.2.4), it is now easy to see from the observation on 
{Fm,u}')/{F,Vm) that {Fm,v'm)/{F,Vm) is totally ramified, for each m G N. 
This completes the proof of Lemma 4.3. □ 

We are now in a position to prove the latter assertion of Theorem 1.2 (ii). 
Let abrdp(i^) = oo and (m, n) be a pair of integers with 1 < m < n. In view 
of Lemmas 4.1 and 4.2, it is sufficient to show that there exists Am S diF) 
satisfying exp{Am) = ind(^m) = p"^- As in the proof of Lemma 4.1, our 
considerations reduce to the special case of trd{F/K) = 1. Analyzing this 
proof, one obtains that there is M S Fe(-E'), such that d{M) contains a cyclic 
M-algebra Ai of degree p, and in case p ^ char(i?), M contains a primi- 
tive |3™-th root of unity. Observe also that M can be chosen so as to be 
i?-isomorphic to the residue field F oi F relative to some discrete valuation 
V F acting trivially on E. Hence, by Kummer theory and Witt's lemma 
(see [IXj, Ch. VIII, Sect. 6, and [TU], Sect. 15, Lemma 2), each degree p 
cyclic extension Yi of M lies in I(Ym/M), for some degree p"^ cyclic exten- 
sion Ym/M. Suppose now that Yi embeds in Ai as an M-subalgebra, fix a 
generator ri of g{Yi/M), and let Tm be an automorphism of Ym extending 
Ti. Then Ai is isomorphic to the cyclic M-algebra (Yi/M, ri, for some 
/3 G M*. Note also that Tm is a generator of Q(Ym/M) and the cyclic alge- 
bra Am = {Ym/M, Tm, (3) Satisfies the condition p""'^ [Am] = [Ai] (in Br(M)) 
(cf. [3^, Sect. 15.1, Corollary b). It is therefore clear that Am G d{M) and 
ind{Am) = exp(Am) = p"^- Suppose now that {F,v) has a valued extension 
(L, vl), such that L/F is cyclic, [L: F] = p"^ and the residue field of (L, vl) 
is M-isomorphic to Ym- Then Q{L/F) = Q{Ym/M), and for each generator 
a of Q{L/F) and pre-image /3 of /3 in 0„(F), the algebra Am = {L/F,a,j3) 
lies in d{F) and is inertial over F (see [30], Sect. 15.1, Proposition b, and 
|18j . Theorem 5.6). Note further that ind(Arra) = exp(Am) = P™" and a can 
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be chosen so that Am be M-isomorphic to A^- In view of Lemma 2.2, the 
obtained result completes the proof of Theorem 1.2 in case abrdp(£') = oo 
and p > 2. Similarly, it follows that if p = 2 and abrd2 = oo, then it suf- 
fices to prove Theorem 1.2, under the extra hypothesis that char(£') = and 
Q{E{£m) / E) is noncyclic, where Em is a primitive 2™'-th root of unity in -Bgep- 
Now take a valuation Vm of F and a valued extension {Fm, Wm) /{F, Vm) with 
the properties required by Lemma 4.3. It follows from the extra hypothe- 
sis on Q{E{em)/ E) that m > 2 and F^ / F^, where Fm is the residue 
field of {F,Vm)- Fix a generator ipm of Q{Fm/F), an element 13m £ F^ so 

that $m ^ \ ^'^d ^ pre-imagc of in Ot),„(-^)- 11;^ is 
the unique, up-to an equivalence, valuation of Fm extending we have 
Wm{^m) = Wm{ipm{>^m)), for each Am G F^. When mm(Am) = 0, this im- 
plies i^^^'" contains the residue class of the norm Np'^{\m) (here we use 
the fact that {Fm,Wm)/iF,Vm) is totally ramified). Similarly, it turns out 
that /3^'' ^ F^"", whence 13"^'^ ^ N{Fm/F). Applying now [30], Sect. 
15.1, Proposition b, one concludes that md{Am) = exp{Am) = p"^, where 
Am = iFm/F,i;m,P m}- Since deg(^m,) — p"*; this yields Am G d{F) and so 
completes the proof of Theorem 1.2 (ii). 

Corollary 4.4. Let E be a field with abrd(£') = 00. Then Brd(-F) = 00 
whenever F/E is a finitely-generated extension and ti:d{F/E) > 0. 

Proof. The assumption on abrd(£') means that either abrdp'(i?) = 00, for 
some p' G P, or abrdp(i?), p € P, is an unbounded number sequence. In 
view of Theorem 1.2 (ii) and Proposition 3.8, this proves our assertion. □ 

Statement (1.6) and Theorem 1.3 show that both cases pointed out in the 
proof of Corollary 4.4 can be realized. 

Corollary 4.5. Let F be a rational extension of an algebraically closed field 
Fq . Then trd(F/ Fq) = 00 if and only if each pair (m, n) of integers satisfying 
(1.2) is equal to (exp(L>m,n), ind(L»m,„)), for some Dm,n G d{F). 

Proof. The left-to-right implication follows from (1.1) (i). Corollary 3.7 and 
Theorem 1.2 (ii), so we assume that trd(-F/i<o) = k S N. By Lang-Tsen's 
theorem [20], then finite extensions of F are C^-fields, so Lemma 3.5 and |27j . 
(16.10), imply Brd2(-F) < abrd2(i^) < 2**^^, which completes our proof. □ 

Analyzing the proof of Theorems 1.2 (i) and (ii), one proves the following: 

Corollary 4.6. Assume that E is a field and M is a finite extension of E 
in Egep satisfying the following conditions, for some p G P and k gN: 

(c) For each M' £ I{Escp/M) with [M' : M] < 00, there is D' G d{M') 
with exp(Z)') = p and ind(M') = p^ , and an infinite Galois extension L' /M' , 
such that D' L' G d[L') and Q{L' /M') is abelian of exponent p. 
Then Brdp(F) >k + tTd{F / E) , for every finitely-generated extension F/E. 
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Remark 4.7. Condition (c) of Corollary 4.6 holds, for k = 1 = abrd(£'), 
when E is a global field (for any p G P) or a finitely-generated extension of 
a perfect PAC-field Eq with trd^E/Eo) = 1 and cdp(£'o) = 1 (see Lemma 
2.2 and [13], Sect. 3). In addition, it can be easily deduced from (2.1) 
and [29], Theorem 1, that the class of fields satisfying (c) is closed under 
taking iterated formal Laurent power series fields (cf. [23], Appendix A, or 
[9], Proposition 4.7). Note also that condition (c) is not necessary for the 
validity of the conclusion of Corollary 4.6. As shown by Jacob and Tignol 
(in an appendix to [34J), to demonstrate this one can take as E any finite 
extension of the field of vr-adic numbers, for some vr G P \ {p}, and let 
k = 1 and F be the function field of any algebraic curve defined over E. 

Let us note that Remark 4.7 implies Brdp(<I>) > n, for every p £ ¥, 
whenever $ is a field of nonzero characteristic, which is a finitely-generated 
extension of its prime subfield $o with trd(<I>/$o) = ^- This is also a special 
case of the following result, which will be proved elsewhere. 

Proposition 4.8. In the setting of Theorem 1.2, suppose that c<1p{Qe) 0. 
Then Brdp(F) > n except, possibly, in the case where p = 2, the Sylow 
pro-2- subgroups of Qe are of order 2, and F is a nonreal field. 

It is not known whether a finitely-generated field extension F/E with 
trd(F/ii^) = K > 3 satisfies the equalities abrdp(F) = Brdp(F) = trd(F) — 1, 
for some p G P, provided that cdp(^£;) = 0, and E is perfect in case 
p = char(ii^). The stated question is open also in the case excluded by 
Proposition 4.8. In view of the proof of the right-to-left implication of 
Corollary 4.5, it would be of interest to know whether Brdp(-F) < p""^. 
li E = Esep and the stated inequality holds, for each p gF, this would yield 
abrdp(F) < oo, p G P, which would considerably extend the scope of Propo- 
sition 1.1. It is also worth noting that if the inequalities Brdp(F) < p""^, 
p G P, hold and determine sufficiently exact upper bounds for Brdp(-F), then 
they would guarantee that Brd(<^) = oo whenever $/<I'o is a field extension 
with trd(<I>/$o) > 3, which would give a negative answer to [3], Problem 4.5. 

5. Proof of Theorem 1.3 

The proof of Theorem 1.3 relies on the following lemma which in turn is 
implied by [9], Theorem 1.3. 

Lemma 5.1. Assume that {K,v) is a Henselian field with chaT{K) = q>0 
and Br(i^)p = {0}, for some p €z¥, p ^ q, and let t{p) be the dimension of 
v{K)/pv{K) over Fp, Sp a primitive p-th root of unity in Ksep, fp{K) the 
rank of Q{K{p) / K) as a pro -p- group, and rrip = min{r(p), rp(i^)}. Then: 

(i) Brdp(-R') = oo if and only if rup = oo or t[p) = oo and Ep G K; 

(ii) When Brdp(i^) < oo, it satisfies the equality Brdp(-R') = Up, where 
Up = [{t{p) + mp)/2], if Ep G K; Up = nip, otherwise. 

The main step towards the proof of Theorem 1.3 can be stated as follows: 
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Lemma 5.2. Let K, v and p satisfy the conditions of Lemma 5.1, and 
suppose that cdp{G^) < 1, Gp is a Sylow pro-p- subgroup of Qk, and tp is 
the rank of Gp as a pro-p-groups. Then: 

(i) abrdp(ii') = oo if and only if t{p) = oo; 

(ii) ahrdp{K) = t{p), provided that tp > 2 and t{p) < oo; 

(iii) Iftp<l and t{p) < oo, then abrdp(K) = [{t{p) + tp)/2)]. 

Proof Let Kp be the fixed field of Gp. Then p [R: K], and by (2.2), 
v{K) /pv{K) = v{R)/pv{R), for each finite extension R oi K in Kp. At 
the same time, it is easy to see that Bt:{R/K) Ci Br(i^)p = {0}, and we have 
md{Dpi^KR) = ind(Dp) and exp^DpiSiK R) = exp(L'p) whenever Dp £ d{K) 
and [Dp] G Br(ii')p. These observations prove that abrdp(Er) = abrdp(i?), 
for every R G I{Kp/K). Taking now into account that Kp contains a 
primitive p-th root of unity, say Ep, one deduces from Lemma 5.1 (i) that 
Brdp(iir(ep)) = Sihidp{K{ep)) = oo in case r(p) = oo, which completes the 
proof of Lemma 5.2 (i). In the rest of our proof, we assume that t{p) < oo. 
In view of (2.2) and Lemma 5.1, this implies that abrdp(if) < t{p). Denote 
by kp the residue field of {Kp,VKp), and by Up the compositum of the iner- 
tial extensions of Kp in Kg^p (relative to vxp)- It follows from (2.3) and the 
Henselian property of v that Up/Kp is a Galois extension with Q{Up/Kp) iso- 
morphic to Qkp and to the Sylow pro-p-subgroups of . Thus the proof of 
Lemma 5.2 (ii) and (iii) reduces to the special case of Kp = K, i.e. Gk = Gp. 
As cdp(^i^)) < 1, then and Q{Up/K) are free pro-p-groups (of rank tp). 
Suppose first that tp > 2. Then it follows from Galois theory and the ana- 
logue to Nielsen-Schreier's theorem for open subgroups of pro-p-groups (cf. 
[36], Ch. I, 3.4) that there exists a sequence T^, m G N, of finite extensions 
of K in -ftTsep, such that rp{Tm) > rn, for each index m. Hence, by Lemma 5.1 
(ii) and the isomorphism v{Tm)/pv{Tm) = v{K)/pv{K), Brdp(Tm) = Tip), 
for every m > t{p), which completes the proof of Lemma 5.2 (i). 

Suppose now that t{p) = 0. Then it follows from (2.1), the inequality 
p 7^ char(i^) and the Henselity of VKp that Kgcp = Up. Hence, cd^Qx) < 1, 
which means that Br(r) = {0}, for every T £ Fe{Kp) (see i36j, Ch. II, 3.1). 
Thus the equality abrdp(i^p) = ahidp^K) = 0, required by Lemma 5.2 (iii), 
becomes obvious. It remains for us to prove Lemma 5.2 (ii). In this case, 
tp<l< rip), and for each T £ Fe{Kp), v{T)/pv{T) ^ v{Kp)/pv{Kp) and 
rp(r) = tp. Therefore, Lemma 5.1 (ii) yields Brdp(T) = [(r(p) -|-tp)/2)], 
T G Fe(-fCp), which proves Lemma 5.2 (ii). □ 

Our next result, applied to the field Kq = Fg, implies the assertion of 
Theorem 1.3 in the case of g > 0. 

Proposition 5.3. Let Kq be a finite field with elements, where q = 
char(iCo)- Put Pg^m = {p G P: p | q{q"^ - 1)} and let Cp-. p £ F, be a 
sequence of elements o/ N U {0, oo}. Then: 

(i) There exists a Henselian field {E,u;) with char(£^) = q, E = Kq and 
abrdp(ii^) = Cp, for each p £ P; this ensures that Brdp(£') < 1, for all 
p G P \ Pq^m, Brdp(ii^) = Cp, p £ Pq,m, CLnd Brdp(£') ^ in case Cp 7^ 0; 
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(ii) When Cg 7^ 00, {E,uj) can he chosen so that [E: E"^] = q^^^i and finite 
extensions of E in Egep be defectless; 

(iii) If Cq = 0, then {E,u}) can be chosen so that [E: E*^] = 00. 

Proof. Let n(p): p G P, be a sequence of elements of N U {0, 00}, such 
that n{p) = 00, provided that c{p) = 00, and 2cp — 1 < n{p) < 2cp in case 
c{p) < 00. Suppose further that {K, v) is a Hensehan field with char(i^) = q, 
K = Kq and v{K)/pv{K) having dimension n{p) over Fp, for each p € P. 
It follows from Remark 3.4 and Lemmas 5.1 and 5.2 that if n{q) = Cg + 1, 
[K: Ki] = and {K, v) is defined as in the proof of Lemma 2.3, then the 
valued field {E,uj) = {K,v) has the properties required by Proposition 5.3 
(i) and (ii). It remains to be seen that if Cq = 0, then {E,uj) can be chosen 
with the additional property that [E: E'^] = 00. Take a field E £ I{Ksep/K) 
so that EKtj- = Ksep and EnKtj- = K, and put u = ve- Then, by (2.4) (ii), 
uj{E)/puj{E) ^ v{K)/pv{K), p G F\{q}, E = ¥q and Ge = g{Ktr/K), which 
implies the Sylow pro-g-subgroups oiQE stre isomorphic to Zg. Note also that 
Etr = Ksep and u^{E) = quj{E). Applying [37J, Theorem 3.1, one obtains 
further that if there exists E' G ¥e{E) with d{E') containing an algebra D' 
of index g, then D' /E' must be inertial. Since, however, E = Fg, whence 
'Qi{E') = {0}, for every finite extension E' /E^ it follows from (2.5), this 
observation and [26], Sect. 4, Theorem 2, that Bi{Ei)q = {0}, Ei £ Fe{E). 
As n{q) = 00 and C ^ C K^ep, it is clear that [K : Ri] = [E: E''] = 00, 
which completes our proof in case Cg = 0. □ 

Our next lemma proves Theorem 1.3 in the case of g = 0. 

Lemma 5.4. Let (bp,ap): p £¥, be a sequence of elements o/NU {0, 00} 
satisfying the conditions 62 = 0,2 and bp < Op, p > 2. Then there exists 
a Henselian field {K,v), such that char(i(') = 0, is pronilpotent with 
cd(^^) < 1, and (Brdp(K), abrdp(-fC)) = {bp,ap), for each p G P. 

Proof. The conclusions of Lemma 5.4 (i) and (ii) follow from Lemmas 5.1 
and 5.2. The proof of Lemma 5.4 (iii) relies on the fact that the class 
of finitely-generated profinite groups is closed under the formation of open 
subgroups, and so is the class of d-generated profinite groups, for a given 
d G N, under taking homomorphic images. In view of Galois theory, this 
means that if G^ £ then Qj^ G fi, for each L G Fe{K), and rp{L) < g{L), 

p £ ¥, where g{L) is the minimal number of generators of Qj^. Therefore, 
Lemma 5.4 (iii) can be deduced from Lemma 5.2 and Lemma 5.4 (ii). □ 

Remark 5.5. Proposition 5.3 and Lemma 5.4 imply that, for each q £ Pu{0} 
and (k, k') £ NxN with k < k', there exists a field Eq^k ^i with chai{Eq k^ki) = 
q, Brd(£'g_fc^fc') = k and abrd(£'g_fc^fc/) = k' . In view of (1.5), this ensures 
that if [3], Problem 4.5, is solved affirmatively whenever E is a virtually 
perfect field with abrd(i?) < 00, then there is a sequence of fields Em,n, 
m,n £ N, such that Brd(-E'm,,n) = nT- and m + n < dim(£'m^„) < 00, for 
each pair of indices m, n. In addition, it should be noted that if = 
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C{{Xi)) . . . {(X^)), where C is an algebraically closed field and e N, then 
Brdp(F) = abrdp(F) = in case F/Cu is a rational extension, trd(F/£') = 
1, p E P and p ^ char(C). This has been proved by Lieblich and Krashen, 
see [23], Corollary 1.4 and page 37, and combined with (1.5) and Lemma 3.3, 
requires that dim(Ci/) > v — 1. On the other hand, it follows from Lemma 
5.2 that if char(C) = 0, then Brd(C;,) = [i^/2]. Thus the number c{E) in 
(1.5) essentially depends on the choice of E and may be arbitrary large. 

Statement (1.4), Remark 5.5 and the observations at the end of Section 
4 raise interest in the following variant of (1.3): 

(5.1) Given a pair {k,p) G N x P, find whether for every finitely-generated 
field extension F/E with trd(-F/-E) = 1, char(£') ^ p and abrdp(ii^) < k, we 
have Brdp(F) < c{k,p), where c{k,p) is an integer depending only on {k,p). 

The existence of fields Eq^^, k G 'N, with the properties required by The- 
orem 1.3 can also be proved by applying Proposition 5.3 to the case where 
q is a Fermat prime number, in combination with the following result (an 
essential part of which is contained in [I?], Corollary 22.2.3). 

Proposition 5.6. Let E be afield of characteristic q > and F/E a finitely- 
generated extension. Then there exists a field E' with char(£") = and a 
finitely-generated extension F' /E' satisfying the following: 
(i) Qe, ^ Qe and tT:d{F'/E') = tid{F/E); 

ill) Brdp(F') > Brdp(F), abrdp(F') > abrdp(F), Brdp(S') = Brdp(E) 
and abrdp(£") = abrdp(£'), for each p G P different from q. 

Proof. It follows from the Albert-Hochschild theorem (cf. [36j, Ch. II, 2.2) 
that the scalar extension map of Br(S) into Br(£'i) is surjective whenever 
El/ E is a purely inseparable field extension. Since finite extensions of E in 
E\ are of g-primary degrees, one also obtains from (1.1) (ii) that 'm.<l{D®E 
El) = ind(D) and exp(D ®e Ei) = exp(D), provided that D G d{E) and 
q t ind(D). It is therefore clear that Brdp(£') = Brdp(ii^ins) and abrdp(£') = 
abrdp(£'ins), for each p G P different from q, where E'ins is the maximal 
purely inseparable extension of E in an algebraic closure E of E. These 
observations, combined with the fact that Ge-.^s — Ge (see [21], Ch. VII, 
Proposition 12), reduce the proof of Proposition 5.6 to the special case 
where E is perfect. It is known (see [Hj, Examples 18.3.4) that then there 
exists a Henselian discrete valued field {K, v) with char(Er) = and K = E. 
Moreover, {K,v) can be chosen so that v{q) be a generator of v{K). At the 
same time, the assumption that E is perfect guarantees that the extension 
F/E is separably generated (cf. [2T], Ch. X). This implies the existence of a 
finitely-generated field extension L/K, such that ti:d{L/K) = tid{F/E) and 
L has a valuation u extending v so that u]{L) = v{K) and the residue field L 
be £'-isomorphic to F (see [H], Examples 18.3.4). Let now E' G I{Kscp/K) 
be a field, such that E'K^j- = Ksep and E' D K^^^■ = K (the existence of 
E' follows from (2.4) (i) and (ii)). Identifying K^ep with its ET-isomorphic 
copy in Lgep, we show that the field extension F' /E' has the properties 
required by Proposition 5.6, where F' = LE' . Indeed, it follows from the 

20 



assumptions on E' that v{E') = E' = E and E'^j. = i^sep- In view of 
(2.3) and (2.5) (or [22], Corollary 4.1.2.3), this indicates that Ge' = Qe, and 
for any p G P, Brdp(S') = Brdp(S) and abrdp(^') = abrdp(S). Observe 
now that each finite extension i? of -F in F' has a unique valuation lor 
extending lo with lor{R) = Q. Note also that {R,ujFt)/{L,uj) is tamely and 
totally ramified. Thus it turns out that to extends uniquely to a valuation 
u' of F' with ijj'{F') = Q and a residue field F' = F over E. Applying 
(2.3) and (2.5) to a Henselization of {F',uj'), and using Lemma 2.1 and the 
obtained properties of {F',u;'), one concludes that Brdp(F') > Brdp(F) and 
abrdp(i^') > abrdp(F), for every p E P. Since, obviously, F' /E' is finitely- 
generated, these results prove Proposition 5.6. □ 

Remark 5.7. Proposition 5.6 shows that the answer to (1.3) will be positive, 
for fields E with Ge £ C, where C is a fixed class of profinite groups, and 
for finitely-generated extensions F/E with trd(-F/£') < n, for some n G N, 
if this holds in zero characteristic (for a similar proof of this reduction, see 
|22j . 4.1.2.3). In view of de Jong's theorem this implies that if n = 2, 
char(ii^) = q > and i?scp = E, then ind(L') = exp(D) whenever D S d{F) 
and q f ind(D). Hence, by (1.1) and Lemma 3.5, it suffices for the proof of 
[22j . Theorem 4.2.2.3, to consider division algebras of exponent q. 

Theorem 1.2 and our next result single out a large class of fields whose 
finitely-generated transcendental extensions F have the property required 
by the former assertion of (1.2). 

Corollary 5.8. Assume that bp G NU{oo}, p £ Pu{0}, is a sequence satis- 
fying the condition bp = oo, p G Pq \ {q}, where Pq is defined as in Theorem 
1.3, for some (7 G P U {0}. Then there exists a field E of characteristic q, 
such that Brdp(i?) = bp and abrdp(i?) = 00, for each p G P. 

Proof. This follows at once from Proposition 5.3 and Lemma 5.4. □ 

When Cp, j? G P, is an unbounded sequence of integers > 0, the fields 
singled out by Proposition 5.3 have the properties required by (1.6) (i). As 
to (1.6) (ii), it is implied by Lemmas 2.3, 2.4, 2.5, and our concluding result. 

Corollary 5.9. In the setting of Lemma 5.1, let K be a quasifinite field with 
Ep ^ K, for any p G P\{2}, and let Un be the degree n inertial extension of K 
in Ksep, for a fixed integer n>2. Suppose that Pn = {pn G P: n \ pn — 1}, 
[K{ep^) : K] = n, for each pn G Pn, and the sequence t{p) : p G P, satisfies 
the condition t{p) = 00 if and only if p G Pn- Then a field L G Fe{K) has 
p-dimensions Brdp(L) < 00, p G P, if and only if Un ^ I{L/K). 

Proof. It follows from Lemma 5.2 and our assumptions that if p ^ Pn, 
then Brdp(L) < abrdp(i^) < 00. When p G Pn, one sees that L contains 
a primitive p-th root of unity if and only ii Un CI L, which reduces our 
assertion to a consequence of Lemma 5.1. □ 
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